In the standard approach, particle methods for the Boltzmann equation are obtained using an explicit time discretization of the spatially homogeneous Boltzmann equation. This kind of discretization leads to a restriction on the discretization parameter as well as on the di erential cross section in the case of the general Boltzmann equation. Recently, it was shown, how to construct an implicit particle scheme for the Boltzmann equation with Maxwellian molecules.
Introduction
Particle methods are the most e cient numerical tools to describe rare ed gas ows (see Bird, 1994] and chapter 10 in Cercignani et al., 1994] ) and they may be mainly divided into two quite di erent branches.
The rst branch B, 1994] considers rare ed gas ows from the point of real applications: real{gas e ects, like internal energies and chemically reacting ows, play the more important role than numerical aspects. The particle method (DSMC) is based on a stochastic simulation of N{particle systems.
Particle methods concerning the second branch Babovsky, 1989 ], Neunzert et al., 1991], Neunzert & Struckmeier, 1994] (Low{Discrepancy Methods or Finite Pointset Methods) are derived from the Boltzmann equation by classical discretization techniques. The main feature is that one is able to approximate (or simulate) the collision integral of the Boltzmann equation (see also Bobylev & Struckmeier, 1994] ). The discretization used is an explicit one and this restricts the magnitude of the time step. To overcome this di culty, which is typical for kinetic equation, attempts to use an semi{implicit discretization were given in Russo & Ca isch, 1994] .
Recently it was shown B & S, 1994] how to work with a fully implicit discretization for the Boltzmann equation with Maxwellian molecules. For this approach the time steps may be arbitrary large. In Struckmeier, 1995] the author developed a particle method for the fully implicit discretization.
Using implicit particle schemes the timestep may be enlarged by an order of magnitude and this is most relevant for computations at low Knudsen numbers. Nevertheless, the implicit scheme is still only of rst order in time.
Besides the fact, that for most applications in rare ed gas dynamics, one is mainly interested in the stationary state, it is important to improve the accuracy of particle schemes from rst to second order in time.
In the following we present a mixed explicit{implicit discretization technique for the Boltzmann equation with Maxwellian molecules, which leads to a second order scheme.
In section 2 we shortly recall the explicit and implicit discretization techniques for the spatially homogeneous Boltzmann equation. The next section presents a second order scheme obtained by combining the explicit and implicit discretization. Moreover, we show, how to realize the new scheme by a particle method. Some numerical results are presented in section 4.
Time Discretization Techniques
The starting point for our considerations is the (spatial uniform) initial value problem Equation (1) describes a space uniform rare ed gas ow consisting of (pseudo) Maxwellian molecules. In this special model, the collision probability is independent of the relative velocity and the collision mechanism depends on some probability measure !( ) on S 2 + . Because of Z 
The classical approach to derive particle schemes for the Boltzmann equation is to use an explicit time discretization (here for the rst discrete timestep) f ? ' for some K > 0. As a consequence, the restriction on is more severe then in the case of Maxwellian molecules, especially for ows near to the equilibrium.
Under some assumptions on the solution f(t; ) of the initial value problem, one may prove that the explicit discretization is a rst order scheme.
The main advantage is, that it is quite simple to derive a particle scheme, which converges weak to the discretized version (1):
The functions ' and f are positive with k'k 1 = kf k 1 = 1. Hence, they may be interpreted as densities of probability measures, which may be approximated by discrete measures (respectively point sets).
Suppose that we approximate the initial condition ' by N particles with velocities v 1 ; :::; v N . Then one has to choose N 2 collision pairs, the same number of impact parameters 1 ; :::; N=2 and uniformly distributed random it can be shown B & S, 1994] , that the sequence ff (n) g n2IN converges at least for the moments of the distribution function to the unique xpoint of (3). In analogy to the classical discretization techniques for ordinary di erential equations one may expect to improve the accuracy to second order by taking a linear combination of explicit and implicit discretization. In the following we will investigate such an approach and show how to construct a second order particle scheme. Under the following assumption on the solution f(t; ) of the initial value problem, one can prove that the mixed discretization, taking = 1 2 , is a second order scheme in time:
( which ts into the required estimate (7).
It remains to show how the mixed formulation (4) may be solved and we directly follow the iteration technique for the full implicit scheme as described Hence by Banach's Fixpoint Theorem we obtain Theorem 2 If < 1 , the sequence ff (n) g n2IN converges in L 1 (IR 3 ) to the unique xpoint of (12).
Remark 2
Especially, for = 1 2 , we have a convergence if < 2, which ts to the restriction 2 given by (13).
By Lemma 1 we may also estimate the speed of convergence:
Proof Using kR'k 1 = 1 we estimate kf (1) ? f (0) k 2 1 + and (14) from Lemma 1 by induction.
The second order discretization scheme may be used for quite di erent numerical methods, like nite di erence, nite element scheme or nite pointset schemes.
In the following we describe, how to use the implicit formulation (11) with = 1 2 for the construction of a second order particle scheme. The second order discretization scheme is given by (11) 1) The algorithm given above obviously ensures total mass conservation.
On the other hand, momentum and energy are conserved in average. We refer the reader to S, 1995].
2) The convergence of the algorithm may be investigated using the techniques described in S, 1995]: applying the central limit theorem and the Borel{Cantelli lemma it is proved that the algorithm converges, almost surely with respect to the required random variates, weak to the solution of the discretized equation if N ! 1.
Numerical Example
We consider the initial value problem
with isotropic scattering, which means that !( ) is the uniform measure on The stationary solution of (16) In the following numerical results we use 10.000 particles to approximate the solution of (16) and 50 independent samples to improve the accuracy. For the rst order explicit scheme we vary the time discretization between = 0:05 up to = 1:0, for the second order scheme between = 0:2 and = 2:0, where the second order scheme is obtained using 5 local iterations per timestep. 3  3  3  3  3  3  3  3  3  3  3  3  3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 Remark 4
In Corollary 1 it was shown that the iteration converges if < 2. Nevertheless, the numerical experiments show, that we have a fast convergence if = 2 (see also table 3).
To clarify, the second order particle scheme is more time{consuming then the corresponding rst order explicit { because of the local iterations per timestep (see The dependence of M 2 jvzj on the local iteration is shown in table 3. Obviously, nearly the same results are obtained using 3 instead of 5 local iterations: the convergence is fast enough over the whole range of discretization parameters between 0:2 and 2:0.
Remark 5
The value obtained using zero local iterations is exactly the value using an explicit discretization with time step 2 .
The reduction in CPU{time by decreasing the number of local iterations is shown in The new results on fully implicit discretizations of the homogeneous Boltzmann equation with Maxwellian molecules leads by simple modi cations to a second order accurate scheme in time. For a simple testcase one is able to improve the e ciency of particle schemes based on an explicit discretization with respect to accuracy and computational e ort. One may expect similar results for spatially inhomogeneous problems; it remains to perform numerical experiments in this direction.
The generalization of the fully implicit as well as the second order scheme to the general case { the Boltzmann equation with arbitrary di erential cross section { is under investigation.
